Abstract. In the article [7] , we developed the combinatorics of Young walls associated with higher level adjoint crystals for the quantum affine algebra Uq( sl2). The irreducible highest weight crystal B(λ) of arbitrary level is realized as the affine crystal consisting of reduced Young walls on λ. Littelmann [20] gave a concrete path model with which Joseph and Kashiwara proved that there exists an isomorphism between the crystal graph and the Littelmann paths graph. In this article, using the Young wall constructed in [7] we try to give in combinatorial way the bijective correspondence between the the affine crystal consisting of reduced Young walls on Λ0 and the Littelmann Path model.
Introduction
Since the introduction by Drinfeld and Jimbo ([2] , [4] ) in 1985, while working on the exact solvable models, the quantized enveloping algebras became one of the principal tools for describing new symmetries. In 1990, Lusztig [23, 24] defined the canonical bases of the quantum group as the Hall algebra associated to a quiver, by analyzing the work of Ringel [25] . At the same time, independently with different motivations, Kashiwara [12] introduced the crystal bases of the representations of the quantized enveloping algebra U q (g).
However, since then, the combinatorics on the crystal bases were actively developed and that simplified lots of works on properties of the representations. Among those, we are specially interested in crystals of U q ( sl 2 ). A perfect crystal of any level is a finite classical crystal whose minimal vectors are in 1-1 correspondence with dominant integral weights of level ( [10] ). In [1] , Benkart et al. gave a uniform construction of level 1 perfect crystals B = B(0) ⊕ B(θ) for all quantum affine algebras (including exceptional cases), where θ denotes the (shortest) maximal root of the corresponding finite dimensional simple Lie algebras. In [11] , [9] and [27] , the conjecture that the crystal B = B(0) ⊕ B(θ) ⊕ · · · ⊕ B( θ) is a perfect crystal of level is proved for quantum affine algebras of type A (1) n , C (1) n , A (2) 2n D (2) n+1 , and D (1) n (and hence of types A (2) 2n−1 and B (1) n ). We call this perfect crystal the adjoint crystal of level .
On the other hand, in [8] , Kang et al. introduced "the combinatorics of Young walls" for classical quantum algebras. Using this combinatorics, the crystal graphs for basic representations are characterized as the affine crystals consisting of reduced Young Walls. The Young walls consist of colored blocks with various shapes that are built on a given ground-state wall and they can be viewed as generalizations of Young diagrams. The rules and patterns for building Young walls and the action of Kashiwara operators are given explicitly using combinatorics of Young walls. Now the crystal graphs for basic representations are characterized as the affine crystals consisting of reduced Young walls and the characters of basic representations can be computed easily by counting the number of colored blocks in reduced Young walls that have been added to the ground-state wall. It turned out that the Young Wall known so far can be understood as the combinatorial models for the paths arising from the perfect crystals corresponding to the fundamental weight l 1 . In [7] , the combinatorics of Young walls for higher level adjoint crystals for the quantum affine algebra U q ( sl 2 ), as the first try to give an explicit combinatorial realization of irreducible highest weight crystals for exceptional quantum algebras, are given in full details.
In [19] Lakshmibai-Seshadri conjectured that a basis of h-eigenvectors of the highest weight module corresponding to a dominant weight λ can be indexed by a certain set of sequences of elements on the Weyl group. Littelmann, in [20, 21] , interpreted these sequences of elements as piecewise linear paths π : [0, 1] → P Z R, starting at 0, where P is the weight lattice, h is the Cartan subalgebra of the symmetrizing Kac-Moody algebra g. In [20, 21] , Littelmann explained how the Littlewood-Richardson rule gives the decomposition of tensor products of representations of complex symmetrizing Kac-Moody algebras using the paths, called LakshmibaiSeshadri paths("LS-paths"). This work by Littelmann was motivated to understand the connection between the crystal basis and the generalized Young tableaux in [22] . Joseph([5] ), Kashiwara([14] ), and Lakshmibai( [18] ) proved that there exists an isomorphism between the crystal graph and graph structure of Littelmann paths .
In this article, we would like to give an explicit combinatorial explanation to realize the bijective correspondence between the Littelmann Paths Π(Λ 0 ) and the reduced Young walls Y(Λ 0 ) associated with the adjoint crystal of level 1 of the quantum enveloping algebra U q ( sl 2 ) in [7] . This paper is organized as follows :
In section 1, we explain the combinatorics of Young Walls associated with adjoint crystals of level 1 and we define the crystal structure on the set of Young walls.
In section 2, we recall briefly the definitions and notations of LS-paths.
In section 3, Main Result : using the LS paths, described in [20] , we give a concrete algorithm for the bijective correspondence between the reduced Young walls Y(Λ 0 ) and LS paths Π(Λ 0 ). ( The Λ 1 case can be obtained similarly by exchanging the roles of 0 and 1).
Combinatorics of Young walls on Λ 0
Let us consider the affine Cartan datum of A (1) 1 :
(ii) the dual weight lattice
The quantum affine algebra U q ( sl 2 ) is the quantum group associated with the affine Cartan datum of type A (1) 1 , that is, the associative algebra generated by the elements
= q ±h i , (i = 0, 1) and q d with some defining relations(For the precise definition see, [3] .)
In this section, we introduce the combinatorics of Young walls for the quantum affine algebra U q ( sl 2 ) associated with the adjoint crystal B of level 1. In fact it can be found also in [28] and is a special case of Young walls in [7] .
We will use the following colored blocks :
: unit width, half-unit height, unit thickness.
With these colored blocks, we will build a wall which extends infinitely to the left. For convenience, we will use the following notations: * = * . To begin with, we fix a frame Y Λ 0 called the ground-state wall of weight Λ 0 consisting of infinitely many 0-blocks :
. We have following rules for constructing walls:
(1) The walls is built on top of the ground-state wall.
(2) The blocks should be stacked in the patterns given below. From now on, we will omit the ground-state wall from pictures of Young walls on Λ 0 . Example 1.1. The left one is a Young wall, but the other one is not a Young wall since it has two full columns of the same height.
From now on, we denote the set of Young walls on Λ 0 by Z(Λ 0 ). (1) To each column Y k of Y , we assign its i-signature as follows : Now define the maps (1) A column in a Young wall on Λ 0 is said to contain a removable δ-column if we may remove a δ-column from it and we still get a Young wall on Λ 0 after the removal. We denote the set of equivalence classes by Π. On Π the product π := π 1 * π 2 is defined as the concatenation of π 1 and the shifted path π 1 (1) + π 2 . For each simple root α i we have operators e i and f i on Π ∪ {0} : We cut a path π into three well-defined parts, i.e., π = π 1 * π 2 * π 3 . The new pathẽ i (π)(orf i (π)) is then either equal to 0, or it is equal to π = π 1 * s i π 2 * π 3 , where s i denotes the simple reflection with respect to the root α i . For further detailed notations, we refer to the article [20] pages 331-333, or [21] pages 502-203. Now we define the LS-paths and give the action on the LS-paths more precisely, which will be needed in the proof of the main result later.
Let W be the Weyl group and W λ the stabilizer of λ ∈ P .
Definition 2.1.
(1) Let λ be a dominant weight. A rational path π = (τ , a) of shape λ is a pair of sequences where τ : τ 1 > · · · > τ r is a linearly ordered sequence of cosets in W/W λ under the Bruhat order, a : a 0 = 0 < a 1 < · · · < a r = 1 is a sequence of rational numbers. We identify π with the path
(2) Let τ > σ be two elements of W/W λ and let o < a < 1 be a rational number. An a-chain for (τ, σ) is a sequence of cosets in W/W λ :
where β 1 , . . . , β are positive real roots such that for all i = 1, . . . , : Let π = (τ , a) be a LS-path of shape λ and fix a simple root α i . Let Q be the minimal integer attained by the function (τ 1 , . . . , τ p , s i τ p+1 , . . . , s i τ x , τ x+1 , . . . , τ r ; a 0 , . . . , a r ) , if b π i (a x ) = Q + 1 and s i τ p+1 < τ p ; (τ 1 , . . . , τ p−1 , s i τ p+1 , . . . , s i τ x , τ x , . . . , τ r ; a 0 , . . . , a p−1 , a p+1 , . . . , a x−1 , a, a x , . . . , a r ) , . . . , t p , s i τ p+1 , . . . , s i τ x , τ x , . . . , τ r ; a 0 , . . . , . . . , a x−1 , a, a x , . . . , a r ) ,
where a x−1 < a < a x is such that b π i (a) = Q + 1. (2)ẽ i (π) can be given by a similar way.
Main Result
We will parameterize the pattern of Young walls on Λ 0 as follows : The following three lemmas can be proven directly. Proof. It is enough to show that Φ is a well-defined map and it commutes with the Kashiwara operatorf i (i = 0, 1).
(1) Φ is well-defined.
Indeed any path π = (σ, a) ∈ Π(Λ 0 ) is of the form
for some p, q ∈ N ∪ {0} and some t k 's where
Since m ≥ n by definition, it is enough to show that the inequali- We want to show that for a Y ∈ Y (Λ 0 ),
where k ≡ i + 1 mod 2 and K = [ 
